Abstract. An improved asymptotic formula for eigenvalues of the classical SturmLiouville boundary value problem is obtained. Its main advantage is the higher accuracy in comparison with the well-known eigenvalue asymptotics given by G.Borg in Acta Mathematica of 1946.
Introduction
Consider a classical statement of the Sturm-Liouville eigenvalue problem in the canonical form As follows from [7, p. 211] , the very form of differential equation here does not mean the loss of its generality. The best asymptotic formula for eigenvalues ω 2 = ω\ (η = 1,2,...) of this Sturm-Liouville system (4) ω η = n + Cn'
is due to G.Borg [1] . It should be noted here that in contrast to the constant C = π) the value a n = -^φ(τι, π), being an even cosine Fourier coefficient of the function \q(x), is of the order of o(l), or more precisely a n . Some generalizations of this formula one can find in [3] for the function q(x) of classes other than (3) . Another approach to such a problem is developed in [4] , where for q(x) G Lp (p > 1) an order-exact upper estimate for the number N(Λ) of eigenvalues not exceeding the given λ is obtained. Moreover, in [5] an asymptotic formula for eigenvalues of a differential operator of the form (1), (2) is found in the case of its discontinuous coefficients.
The recent paper improves the asymptotic formula (4) to make it accurate to values of the order of n -3 . Namely, the new asymptotics to be proved below is
where the infinitesimals bn and cn determined afterwards by (32) are of the orders of an and βη, respectively. Hopefully, an analogous eigenvalue asymptotics could be also obtained for the general case of homogeneous boundary conditions in the Sturm-Liouville system. Here are the following notations used: 
Because the conditions here are covered by those from the Tricomi theorem cited, the first part of the recent proof may be omitted, and one can start from the following fact being essentially due to the boundedness of f"(u). For sufficiently small number ε > 0 and for sufficiently large positive integers s and πι zeros u p + s ,u p+s+ 1,... of the function /(ω) are by ones respectively in non-overlaping ^-radius neighbourhoods of zeros μ,^,μ^ι+ι,... of go(u). Hence, one can to determine the positive integer p, as it is in the theorem, from the equality ρ + s = m.
Next, derive the asymptotic formula (7). The estimate needed below
for μ η -> +00 results from the cited theorem. Based on it the following estimate is evident for any k = 1,2,...:
Since by definition /(ω") = 0 and functions <7ι(ω) and <72(ω) are bounded, the relation (6) under ω = ω η becomes, by virtue of (8)
Further, transform functions from the left-hand side here by using the Taylor formula with regard to their boundedness, trivial equalities <7 0 (μ η ) = 9"{μη) = 0 and the estimate (8): The substitution of these relations in (8) yields According to conditions of the theorem \gb^n)\ > therefore by virtue of the boundedness of <7ι(ω) the value <70(μ«) + μη 1 9ι(μ·η) is isolated from zero for sufficiently large μη. Then, the equality (11) This, by virtue of the notation (8), makes the asymptotic formula (7) in question to be true.
An asymptotic equation for eigenvalues
It follows from the homogeneity of the equation (1) Substituting here χ for π yields the asymptotic equation in title
We shall show that ί/(π,ω) here is a function /(ω) from the theorem. Then, the comparison of (6) and (16) entails the necessity of relations:
Firstly, the boundedness of /"(ω) = 9 should be proved on [u>o, +oo). It follows from general theorems [6, p. 183 ] about the parameter differentiability of solutions of ordinary differential equations that y(x,u>) has at least two partial derivatives whose estimate is evident by (23). Finally, the boundedness of the secondorder derivative in question
results from (30) and the continuity of ζ(π,ω) with respect too; G [ωο, +oo). It remains to check the theorem conditions imposed on the functions (?ο(ω), <7ι(ω), and <72(ω) from (17). Their validity is readily established by using the above simplified asymptotic estimates and by direct differentiation of these functions. In particular, |ffo(<*>)| + Ι50( ω )1 = I sinw7r| + 7ΓI cos ωχ I > 1.
Proving the basic asymptotic formula and estimating the infinitesimality order of its coefficients
Derive the asymptotic formula (5) proceeding from the proved formula (7) Hence, after elementary transformations with regard to (31) the formula (7) goes over to the desired asymptotic formula, (5) where
Finally, the coefficients in (5) should be estimated in the sense of their infinitesimality order, whenever τι -> +oo. As stated above, C is a constant, and the infinitesimal an is of the order of an. The following statement is useful in estimating the coefficients bn and cn. is an even cosine Fourier coefficient wn(x) for w(x) = f q(x), then by virtue of (33) one can state that the second integral under estimation is of the order of an.
Lemma. Let the function w(s)
Analogously, the third and fourth integrals in (34) are estimated by the Cauchy-Bunyakovskii inequality respectively: Interpreting here φ(η,χ) as an even sine Fourier coefficient associated with the function jq(x) and using the lemma one can state that both integrals in question are infinitesimals an. The above said results in the estimate Φ(η,ττ) = an. = an. Thus, by (32) the coefficient bn is also of the order of an.
We shall show that the next coefficient cn in (5) is an infinitesimal of the higher order than the previous one. Indeed, as stated above, φ(η, π) = an and ιι(η,π) = an. Then, since η Hence, we conclude that cn = βη.
